Abstract. In this paper, we investigate the global well-posedness for the 3-D inhomogeneous incompressible Navier-Stokes system with the axisymmetric initial data. We prove the global well-posedness provided that a 0 r ∞ and u θ 0 3 are sufficiently small.
Introduction
In this paper, we consider the initial value problem of 3D inhomogeneous incompressible NavierStokes equations with the axisymmetric initial data:
∂ t ρ + div(ρu) = 0, (t, x) ∈ R + × R 3 , ∂ t (ρu) + div(ρu ⊗ u) − ∆u + ∇Π = 0, divu = 0, (ρ, u)| t=0 = (ρ 0 , u 0 ).
(1.1) where ρ, u = (u 1 , u 2 , u 3 ) and Π stand for the density, the velocity of the fluid and the pressure, respectively.
The global weak solution to the above system was constructed by Simon [7] (See also Lions [6] ). However, the problem of uniqueness has not been solved. Regularity of such weak solution in three dimension becomes one of the open problems in the mathematical fluid mechanics.
In the case of the smooth initial data without vacuum, Ladyzenskaja and Solonnikov [8] addressed the question of the unique solvability of the initial-boundary value problem for the system (1.1) in the bounded domain, and Dachin [9, 10] established the well-posedness of the system (1.1) in the whole space R d . Also, there are some recent progresses [2, 4] along this line. On the other hand, we recall that except the initial data have some special structure, it is still not known whether or not the system (1.1) has a unique global smooth solution with large smooth initial data, even for the classical Navier-Stokes system, which corresponds to ρ = 1 in (1.1). For instance, the global well-posedness result for the classical axisymmetric Navier-Stokes system was firstly proved under no swirl assumption, independently by Ukhovskii and Yudovich [14] , and Ladyzhenskaya [13] , also [12] for a refined proof. And we [5] established the global well-posdeness for the classical axisymmetric Navier-Stokes system provided the initial swirl component u θ 0 is sufficient small, i.e., where the right hand side of the above inequality is scaling invariant. Recently, H. Abidi, P. Zhang [1] obtained the global smooth axisymmetric solution without swirl for the inhomogeneous Navier-Stokes equations (1.1) when a 0 r ∞ is sufficiently small, a 0 = 1 ρ 0 − 1. Inspired by [1] and [5] , we assume that the solution of (1.1) is axisymmetric, i.e., ρ(t, x) = ρ(t, r, x 3 ), Π(t, x) = Π(t, r, x 3 ), u(t, x) = u r (t, r, x 3 )e r + u θ (t, r, x 3 )e θ + u 3 (t, r, x 3 )e 3 , where e r = (
For the axisymmetric velocity field u, we can also compute the vorticity ω = curl u as follows,
with
And we can deduce the equations of vorticity
Then we state our main theorem, where we set (Φ, Γ) = (
with some positive constants m and M. Then there exists a positive time T * so that the system (1.1) has a unique solution (ρ, u) on [0, T * ), satisfying for any
In addition, there exists a positive constant C = C(m, M), such that if
where
The above small condition is better than (1.2). If we choose u This small condition is much clear than that in [1] .
Remark 2. In [1] (Section 3), H. Abidi and P. Zhang obtain the following decay estimates,
(1.14)
The decay estimates (1.14) also hold for the non-axisymmetric case. One cannot obtain any special behavior for the axisymmetric case from (1.14). In Theorem 1.1, we obtain that the swirl component u θ will share better decay estimates than (u r , u 3 ). One can easily show that these decay estimates are optimal under the conditions
Thanks to the blow up criteria (for example, see [19] ), to prove the global well-posedness, we only need to prove that ∇u L ∞,2 T is bounded for all T > 0. For the axisymmetric solution of (1.1) without swirl, for example, the homogeneous case [12, 13, 14] or the inhomogeneous case with a 0 r ∞ sufficiently small [1] , the authors are used to prove Γ(t)
However, when the solutions have nonzero swirls, the estimate of Γ(t) 2 will depend on many complicated terms. For the homogeneous case, we [5] find that the system of the pair (Φ, Γ) has some good structures, and we easily show that
In such sense of consideration, we consider the following system for the pair (Φ, Γ),
If we assume a = 1 ρ − 1, a| r=0 = 0, we also have the following important new identity,
This is the key ingredient for us to obtain some a priori estimates for the inhomogeneous axisymmetric Navier-Stokes system (1.3). However, this identity contains many more complicated terms compared with [5] . Fortunately, it can be controlled along by the estimates (2.16) and (2.23).
Then we can reach the goal by the continuous method under the small assumptions (1.8). We may need to point out there are two technical steps in our proofs:
(1): using Γ(t) 2 and the energy method to estimate ω 2 (see Lemmas 2.6 and 2.7); (2): using the energy method to estimate Γ(t) 2 + Φ(t) 2 (see Lemma 2.8). Furthermore, since there is no pressure term in the equations of (w r , w 3 ) (1.6), one can use the similar argument as that in the homogeneous case [3] , using b L ∞ to estimate w 
We introduce the Banach space L p,q T , equipped with norm
Preliminaries
From Lemmas 2.2-2.4 in [5] , we present the following proposition of the axisymmetric velocity, which is frequently used in the axisymmetric system. Proposition 2.1. Assume (ρ, u) is the smooth axisymmetric solution of (1.1) on [0, T ], with the initial data u 0 , and curl u = ω, then
and u θ (t, 0,
ii) There exists a constant C = C(q), such that for ∀t ∈ [0, T ] and 1 < q < ∞,
There exists a constant C = C(q), such that for 1 < q < ∞,
We can extend the properties in [1] to the axisymmetric velocity with nonzero swirls, and have following identities. Lemma 2.2. Under the conditions in Proposition 2.1, we have
Proof. They can be deduced directly from (1.5) and the divergence-free property of u. For instance,
Using the similar argument as that in [1] , we have
and
Thus we can propose the following remark which is essential in the proof of Theorem 1.1.
Remark 3. Set B = ω r e r + ω 3 e 3 , and
Thus ∇ω r , ∇ω
2.1. A priori estimates. Now we shall present some a priori estimates in this section. One can easily obtain the following lemma and omit the detail, see [6] .
Lemma 2.3. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ], 8) and the energy inequality,
For the convenience of the proof, we estimate the swirl component and the convection term below. The proofs of these two lemmas will be given in the Appendix. 
Lemma 2.4. Under the conditions in Proposition 2.1, we obtain that for all
where δ is sufficient small.
We now evaluate the terms ω r 2 and ω 3 2 by the system (1.6). Lemma 2.6. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ],
where δ is sufficiently small.
Proof. Multiplying the equations (1.6) 1 and (1.6) 3 by ω r and ω 3 , respectively, using integration by parts and Lemma 2.2, we have
3 ) and r 0 as in (5.3) . By the similar calculus as that in the proof of Lemma 2.5, we have
≤ Cr
(2.15)
Using integration by parts, Cauchy inequality, (2.1), (2.2), (2.14), (2.15) and the fact (1.5), we have
2 , and
2 . Similarly, using ∂ r u 3 = ∂ 3 u r − ω θ , we have 2 , and
2 . Combining the above inequalities, we have Recall that the density has lower bound ρ ≥ m > 0 and (2.7), we have (2.12).
We present an essential estimate of ∇u L ∞,2 T as follows.
Lemma 2.7. Under the conditions in Proposition 2.1, we obtain that for all t ∈ [0, T ], 
Multiplying the above equations by ∂ r Π and ∂ 3 Π respectively, using integration by parts, Cauchy inequality and the fact that ω θ | r=0 = 0, we have
Along the same line, multiplying the above system by −∂ 3 ω θ and ∂ r ω θ + Γ respectively, we have Combining the inequalities (2.12) and (2.21), we obtain
Apply the Grownwall's inequality and Lemma 2.3, we have (2.16).
Using the ideas in [5] , we consider the L 2 estimate of the pair (Φ, Γ) as follows.
Lemma 2.8. Under the conditions in Proposition 2.1, and assume a = 1/ρ − 1, a| r=0 = 0, we obtain that for all t ∈ [0, T ],
Proof. Multiplying the equation (1.15) by (Φ, Γ) respectively, we have
Then, using integration by parts (1.5) and Lemma 2.2, we have
Similarly, since the assumption a| r=0 = 0, we get
And using the similar calculus in [5] , (2.2) and Sobolev-Hardy inequality in Proposition 2.1, we have
Combining the above estimate, we have (2.22).
Lemma 2.9. Under the condtions in Lemma 2.8, we obtain that for all
Proof. It follows from the transport equation of (1.3) that We are going to complete the proof of the well-posedness part of Theorem 1.1 in this section. It is well known that if the initial data (ρ 0 , u 0 ) satisfies
then the system (1.1) has a local unique solution (ρ, u) on [0, T * ) satisfying (1.7) (see [4] for instance). We mollify the initial data (ρ 0 , u 0 ). Let
) be mollifiers, with
and 
It is easy to show that a 0 , u 0 ∈ H ∞ . From the local well-posedness result in [11] (Corollary 0.8) and [18] , it ensures that the system admits a unique axisymetric solution (a ǫ , u ǫ , ∇Π ǫ ) of the equations derived from (1.1)
Then, we will show that the maximal existence time T ǫ * = ∞ as follows, provided (1.8) is satisfied.
Without loss of generality, we denote ρ = ρ ǫ , u = u ǫ , Π = Π ǫ , and so on. And we assume T * < ∞. Lemma 3.2. We claim that a| r=0 = 0.
Proof. We can define the unique trajectory χ(t, x) of u(t, x) by
is the trajectory from the initial point (0, 0, x 3 ). Therefore, by (2.24), there exists a trajectory χ(t, x) = (0, 0, χ
Proof. By (2.9), there exists a positive constant K 1 , such that
There exists a time t 0 ∈ (0, N), such that
Thus
From the similar argument as that in the proof of a priori estimate revealed in Lemma 2.2 in [1] , one can easily obtain that
We can pick that
is sufficiently large. By using the continuous method, it is evidence to show that
Now, we can deduce the contradiction by the continuous method. Pick C 2 = 4C 0 where C 0 is a positive constant in (2.22). We assume that there exists a maximal time T 0 ≤ min{T * , N}, such that for t ∈ [0, T 0 ),
Then from (2.22) and Hölder's inequality, we obtain that for all t ∈ [0, T 0 ),
Thus from (1.8), (2.16), (2.23), and
Multiplying the equation (1.3) 3 by (u θ ) 2 , and using integration by parts, we have
Thus by (2.3) and (1.9), we obtain
By applying the continuous method, we have the conclusion that T 0 = min{T * , N}, and (3.3) holds for any t ∈ [0, T 0 ).
Moreover, by combining (2.16) and (3.3), we have for any Thanks to the calculus in [19] and the blow up criteria (See Proposition 0.6 in [11] , for instance), we deduce the contraction with the fact that T * is the blow up time of the solution. Thus, we obtain that T * = ∞, and finish the proof of well-posedness part of Theorem 1.1.
Proof of the decay estimates part of Theorem 1.1
When u 0 ∈ L 1 (R 3 ), from the proof in [1] (Section 3), we can obtain the decay estimates (1.14) and omit the details. Proof of the decay estimate (1.11).
• The decay estimate of ru 
